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Magnetic tunnel junctions comprising of an insulator sandwiched between two ferromagnetic films
are the simplest spintronic devices. Theoretically, these can be modeled by a metallic Hamiltonian
in both the lattice and the continuum with an addition of Zeeman field. When mapped, the lattice
and the continuum models show a discrepancy in the limit of a large Zeeman field. We resolve the
discrepancy by modeling the continuum theory in an appropriate way.
I. INTRODUCTION
Magnetic tunnel junctions are basic building blocks
of spintronic devices1. The experiments by Mood-
era et.al and Miyazaki et.al 2,3 (1995) on magnetic tun-
nel junctions demonstrated a large tunnel magnetoresis-
tance (TMR) at room temperature and resulted in up-
surge of activities in this field. Parkin et.al4 used MgO
as a tunnel barrier and enhanced the TMR to nearly
200 %. A more recent experiment5 (2008) reported a
much higher value of TMR at room temperature. The-
oretically, magnetic tunnel junctions have been modeled
even recently with the objective of studying the electron
transport across the junctions6–9. In experimental sys-
tems, the junction can be tuned between ON and OFF
states by an externally applied magnetic field2,5. The
ON state is when the spins in the two FM’s are parallel
and OFF state is when the two spins are anti-parallel.
In the ON state, the current between the two FM’s due
to an applied bias is large and in the OFF state, it is
small. However, theoretically the two FM’s can be in a
configuration that is more general than ON and OFF,
where the spins in the two ferromagnets are aligned at a
relative angle θ (with 0 ≤ θ ≤ pi). We shall use this as
a theoretical tool to understand the modeling of tunnel
junctions. The experimental realizations generally corre-
spond to the cases θ = 0 (ON) and θ = pi (OFF).
In Sec. II, we discuss the continuum and lattice models
that describe a ferromagnet, followed by an outline of a
mapping from continuum to lattice model. In Sec. III, we
discuss the modeling of the tunnel junction. In Sec. IV,
we calculate conductance. In Sec. V, we point to the
discrepancy between the two models and resolve it. In
Sec. VI, we summaries and end with concluding remarks.
II. MODELS OF FERROMAGNET
A. Continuum model
In continuum, a FM can be modeled by the
Hamiltonian-
Hc = (~2~k2/2m− µc + EZ)σ0 − EZσz, (1)
where σi for i = 0, x, y, z denote the Pauli spin ma-
trices, the parameters m, µc, EZ denote the effective
mass of electrons, chemical potential and the Zeeman
energy respectively. The dispersions for up- and down-
spins are respectively given by E↑ = ~2~k2/2m − µc and
E↓ = ~2~k2/2m − µc + 2EZ . By convention, Fermi en-
ergy is at zero and whenever a bias is applied, it is at
the Fermi energy that the bias window [−eV0,+eV0] is
placed. It is easy to see that the band-bottom for up-
and down- spins are at the energies −µc and (2EZ − µc)
respectively.
B. Lattice model
The ferromagnet can also be modeled by a lattice
Hamiltonian on a cubic lattice-
Hl =
∑
~n,~e
[−t(c†~n+~ec~n+c†~nc~n+~e)−(µl−EZ)c†~nc~n−EZc†~nσzc~n],
(2)
where c~n = [c~n,↑ , c~n,↓]T and c~n,σ is the second quan-
tized annihilation operator for the spin-σ electron at site-
~n, and ~e takes on unit vectors along x, y, z-directions.
The parameters t, µl, EZ are the hopping strength,
chemical potential and the Zeeman energy respectively
for the lattice model. In certain limits, these parame-
ters can be mapped on to the parameters in the con-
tinuum model. The dispersion for the up-spin and the
down-spin electrons in the lattice model take the form:
E↑ = −2t[cos(kxa) + cos(kya) + cos(kza)]− µl and E↓ =
−2t[cos(kxa) + cos(kya) + cos(kza)]−µl + 2EZ . The pa-
rameter a is the lattice spacing.
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FIG. 1: Schematic of the dispersions for a ferromagnet mod-
eled by continuum (on left) and lattice (on right) - Hamilto-
nians.
C. Mapping between the two models of
ferromagnet
A schematic of the dispersions for the lattice and the
continuum is shown in Fig. 1. We work in the range of pa-
rameters: (i) 0 < eV0 < min(µc, 2EZ −µc) in the contin-
uum and (ii) 0 < eV0 < µl < 6t and eV0 < (2EZ−6t−µl)
in the lattice. The dispersion relation for a continuum
model is isotropic while that for the lattice model is not
isotropic except very close to the band bottom. We now
discuss on how to map from the continuum model to a
lattice model. The lattice model is an effective model
and may not depict the underlying lattice structure of
the material, but agrees with the continuum model at
low energies. Starting from a continuum model, we set
the Zeeman energy in the lattice model to be the same
(EZ). The condition µl = µc − 6t ensures that the band
FIG. 2: Schematic of the setup under investigation. Two fer-
romagnets have their easy axes oriented at a relative angle θ.
A thin insulator is sandwiched between the two ferromagnets.
bottoms of the two models are aligned. The lattice dis-
persion has the same form as in the continuum in the
limit when kxa, kya, kza  pi/2, which can be seen by
Taylor expanding the lattice dispersion around ~k = ~0
and keeping terms upto second order in ~ka. This gives
us: ta2 = ~2/2m. We choose the lattice constant a by
demanding that in the bias window, the binomial expan-
sion of the lattice dispersion is a good approximation:
a  ~pi/2√2m(µc + eV0). Once a is chosen to satisfy
the above condition, t = ~2/2ma2.
When EZ is large enough so that (2EZ − µc) > eV0
[same as (2EZ −µl−6t) > eV0], the down spin branch of
the dispersion does not lie in the bias-window and the FM
has 100% polarization with only up-spin channel being
occupied at zero temperature. We call such a ferromag-
net a “pure FM”. At a finite temperature, the down-spin
channel has a small but finite occupation and the polar-
ization is less than 100% in such pure FM’s. The exact
value of polarization at a given temperature depends on
how large EZ is and decreases monotonically with EZ .
We also introduce the limit EZ → ∞, in which we call
the ferromagnet a “perfect FM” since the polarization
even at a finite temperature remains at 100%.
III. JUNCTION BETWEEN TWO
FERROMAGNETS
In continuum, a junction between two ferromagnets is
typically described by respective Hamiltonians on either
sides of x = 0 with boundary condition (BC) applied to
the wavefunction at x = 0. A junction between FM’s
pointing in two directions which are at angle θ is mod-
eled when the Hamiltonian on left is given by Eq. (1) and
the Hamiltonian on the right is given by Eq. (1), where
σz is replaced by σθ = (cos θ σz + sin θ σx). The wave-
functions on either sides of the junction are equal and
their derivatives differ by a quantity proportional to the
3amplitude of the wavefunction at the junction-point:
ψ(x = 0+) = ψ(x = 0−)
∂xψ|x=0+ − ∂xψ|x=0− = q0 ψ(x = 0), (3)
where q0 parametrizes the transparency of the junction.
The limits q0 = 0 and |q0| 
√
2mµc/~ correspond to
fully transparent and fully opaque junctions.
In the lattice model, the junction is typically charac-
terized by a hopping t′ between two sides of the lattices
governed by different Hamiltonians and the BC does not
appear. The information about the BC (of the contin-
uum model) is carried by the hopping element t′ in the
xˆ-direction. The Hamiltonian on the left HL is given by
eq. (2) where ~n = (nx, ny, nz) and nx, ny, nz takes inte-
ger values such that nx ≤ −1. The Hamiltonian on the
right HR is given by eq. (2) where ~n = (nx, ny, nz) and
nx, ny, nz take integer values such that nx ≥ 0, and σz re-
placed by σθ = (cos θ σz+sin θ σx) like in the continuum.
The full Hamiltonian is:
H = HL +HR +HT , where
HT = −t′
∑
ny,nz
[c†(1,ny,nz)c(0,ny,nz) + h.c], (4)
and ny, nz run over all integers.
We shall now specialize to the perfect ferromagnet
limit, where EZ →∞. Physically, this makes sense when
the EZ for the ferromagnet is much larger than all other
energy scales in the problem. Also, this makes the calcu-
lations much simpler since one of the two spin channels
is tends to be absent.
IV. TRANSPORT CALCULATIONS IN
CONTINUUM AND LATTICE MODELS
We follow Landauer-Bu¨ttiker scattering approach11–15
to calculate conductance in continuum and lattice mod-
els. We write down a wavefunction which has incident
and scattered parts and solve for the scattering coeffi-
cients. Since this is a three dimensional system, there
are two angles of incidence and the total current at a
given bias is calculated by integrating the currents over
the full range of angles of incidence with appropriate fac-
tors. In the scattering theory calculation for tunnel junc-
tions, an electron is incident at the junction and scatter-
ing amplitudes for scattering into different channels is
calculated. Let α and β be the angles made by the in-
cident electron having momentum ~k = (kx, ky, kz) such
that ~k = k(cosα, sinα cosβ, sinα sinβ). α is the angle
made by the incident electron with x-axis, while β is the
angle made by the projection of the momentum ~k onto
the (y, z) plane with y-axis. Due to translational invari-
ance along yˆ- and zˆ- directions, the momenta ky and kz
are good quantum numbers.
In continuum, the wavefunction of an electron incident
on the tunnel junction at an energy E from left lead will
look like ei(kyy+kzz) |ψ(x)〉 where,
|ψ(x)〉 = (eikxx + rE,α e−ikxx) |↑〉 for x < 0,
= tE,α e
ikxx |↑θ〉 for x > 0, (5)
where kx =
√
2m(µc + E) cosα/~ and the kets
denote the spinors: |↑〉 = [1, 0]T , |↓〉 =
[0, 1]T , |↑θ〉 = [cos (θ/2), sin (θ/2)]T and |↓θ〉 =
[− sin (θ/2), cos (θ/2)]T . Here, the wavevectors in the
down-spin channels (|↓〉 for x < 0, and |↓ θ〉 for x > 0)
are absent since we have taken the limit of pure ferromag-
net. To solve for the scattering amplitudes rE,α and tE,α,
we employ the boundary conditions discussed in Eq (3).
It is easy to see from here that for any nonzero θ, tE = 0
and hence the conductance of the junction is zero. This
comes as a surprise. At θ = 0, the problem becomes that
of a spinless tunnel junction the conductance of which is
dictated by the barrier strength q0.
In the lattice model, the wavefunction of an
electron incident on the tunnel junction at an
energy E from the left lead takes the form
|ψ〉 = ∑nx,ny,nz ei(nykya+nzkza) |ψnx〉 |nx, ny, nz〉,
where |ψnx〉 = ψnxΘ[−nx + 1] |↑〉+ ψnxΘ[nx] |↑θ〉, where
Θ[nx] is discrete Heaviside step function and the kets
retain the identity assigned in previous paragraph. This
just states that electrons can point only along the easy
axis and the easy axes of electrons on either sides of the
junction differ by an angle θ. Further, the wavefunction
takes the form:
ψnx = (e
inxkxa + rE,α e
−inxkxa), for nx ≤ 0,
= tE,α e
inxkxa, for nx ≥ 1, (6)
where kx =
√
2m(µl + 6t+ E) cosα/~. We choose µl
such that the lattice dispersion can be approximated to
be a quadratic dispersion near the band bottom, as dis-
cussed in section II C. Note that µl so chosen is nega-
tive. The equation connecting the wavefunctions on ei-
ther sides of the junction obtained from lattice Hamil-
tonian eq. (4), reduces to the following equations in the
limit of perfect ferromagnet:
Ex ψ0 = −tψ−1 − t′ cos (θ/2)ψ1
Ex ψ1 = −t′ cos (θ/2)ψ0 − tψ2, (7)
where Ex = (E+µl+ 6t) cos
2 α−2t. The term in eq. (7)
proportional to t′ can be understood as follows- since
an |↑〉 electron on site nx = 0 does not flip spin while
hopping on to nx = 1, where the eigenspinor is |↑θ〉, the
overlap is 〈↑|↑θ〉 = cos (θ/2). Solving for the scattering
amplitudes using eq. (7), we get
tE,α =
−2i sin (kxa) t t′ cos (θ/2)
[t2 e−ikxa − t′ 2 eikxa cos2 (θ/2)] , (8)
and the differential conductance is given by
G = G0(E)
∫ pi/2
0
dα sinα cosα |tE,α|2,
where G0(E) =
e2
h
mA(µc + E)
pih2
, (9)
4FIG. 3: Dependence of conductance in units of e2/h on the
bias and angle θ shown in contour plot for lattice model.
Parameters: t′ = 0.535t for top and t′ = t for bottom,
µl = −5.994 t for both.
and A is the area of cross section of the tunnel junction.
The energy dependent factor (µc+E) in the conductance
reflects the density of states in three dimensional ferro-
magnet. In Fig. 3, we show the result for differential
conductance as a function of the angle θ and the bias.
V. DISCREPANCY AND ITS RESOLUTION
In the last section (sec. IV) we demonstrated that the
lattice and the continuum models of the junction give
highly distinct results for conductance of the magnetic
tunnel junction made from perfect FM’s. In the lat-
tice model, the conductance is exactly zero only when
t′ cos (θ/2) = 0, while in the continuum model, the con-
ductance is zero whenever θ 6= 0. At this point, the
results from lattice model look more reasonable. To re-
solve the puzzle, we now take lattice model as the starting
point of analysis. The physical meaning of the hopping
term HT in the Hamiltonian [eq. (4)] is that the atomic
wavefunctions on the two lattice sites when brought suf-
ficiently closeby overlap and the overlap is proportional
FIG. 4: Dependence of conductance in units of e2/h on the
bias and angle θ shown in contour plot for continuum model.
Parameter Vb = 2000 for top and Vb = 0 for bottom. Other
parameters have been mapped from lattice to the continuum
as discussed in sec. II C : m = 10, µc = 10, and a = 0.0052952.
to t′. In contrast, the wavefunctions on the two sides
of the junction in the continuum model cannot overlap
with each other whenever θ 6= 0 since the limit EZ →∞
does not allow any nonzero spin-component in a direction
different from the easy axis. However, a region of finite
length can be introduced between the two ferromagnets
in the continuum model where both spin channels are al-
lowed and the two wavefunctions can overlap. We show
that introduction of such a region resolves the disagree-
ment between the two models. The region in between
can be modeled to have a length a and a barrier Vb that
reflects the hopping element t′. The barrier Vb in the
region 0 < x < a is isotropic in the spin space and the
boundary conditions at x = 0 and x = a are continu-
ity of wavefunction ψ and its derivative ∂xψ. The limits
t′ = t and t′ → 0 correspond to Vb = 0 and Vb → ∞
respectively.
The wavefunction of an electron incident on the tun-
nel junction at an energy E from left lead will look like
5ei(kyy+kzz) |ψ(x)〉 where,
|ψ(x)〉 = (eikxx + rE,α e−ikxx) |↑〉 for x < 0,
=
∑
σ=↑,↓; ν=+,−
sν,σe
iνk′xx |σ〉 for 0 < x < a,
= tE,α e
ikxx |↑θ〉 for x > a. (10)
Continuity of |ψ(x)〉 at x = 0, a gives four equations while
continuity of 〈↑ |∂x |ψ(x)〉 at x = 0 and continuity of
〈↑θ |∂x |ψ(x)〉 at x = a totally give six equations to be
solved for six scattering amplitudes. We are interested
in tE,α, since conductance can be calculated from it us-
ing eq. (9). We numerically compute tE,α for each α,
and integrate over α as shown in eq. (9) to get conduc-
tance for a given bias E = eV . The result for continuum
model with a metallic (or insulating) layer in between
the two FM’s is presented in Fig. 4. The parameters for
the two models have been chosen such that the final re-
sult looks the same and we have demonstrated this in the
fully transparent and weakly transmitting limits. The re-
sults show a remarkable similarity both qualitatively and
quantitatively.
VI. SUMMARY AND DISCUSSION
To summarize, we started with models of ferromag-
nets and using these as building blocks, studied magnetic
tunnel junctions in both continuum and lattice models.
In the limit of perfect FM, the discrepancy between the
continuum and the lattice models first came as a sur-
prise. However, the results from the lattice model cal-
culations appeared more convincing. We then resolved
the discrepancy by appropriate modeling of the system
in continuum model. The central result of our work is
that magnetic tunnel junctions in the continuum model
comprise of a nonmagnetic metallic (or insulating) layer
sandwiched between the two ferromagnets. Absence of
such a nonmagnetic region gives rise to unphysical re-
sults. However, in a lattice model, there is no need for a
nonmagnetic layer for magnetic tunnel junction.
In this work we have primarily focused on perfect ferro-
magnets, where no modes in the direction other than spin
easy axis is allowed. It will be interesting to investigate
the lattice and continuum models in the pure ferromag-
nets where the wavefunction in the direction opposite to
that of spin easy axis decays exponentially away from the
junction. In junctions comprising of pure FM’s, the non-
magnetic region may not be required in modeling since
the wavefunctions opposite to spin easy axis can overlap
in the region close to the junction. Further, connection
to experimental systems is another future direction.
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